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1 Introduction

Ultracold atoms provide a platform for quantum computing. Among the promises of the field
is the possibility to experimentally simulate many body systems, which are, due to the size of
their Hilbert space, often computationally not traceable. Ultracold atoms allow us to control
the accessible quantum states and their interactions precisely, therefore enabling us to simulate a
large number of different systems. Recently, more and more advances have been made in the field
[Ngu+18].
Circular Rydberg atoms are particularly intriguing. Rydberg atoms are atoms with one highly

excited electron, so that the quantum mechanical description resembles the hydrogen atom with
some small corrections. Circular Rydberg atoms are Rydberg atoms where the excited electron is in
a state with maximal angular momentum and magnetic quantum number. These atoms have large
electric and magnetic dipole moments, enabling strong inter-particle interactions, and relatively
large lifetimes, allowing to observe the resulting dynamics of the simulated many body system
[Gal94].
The purpose of this project was to theoretically investigate a particular system of ultracold atoms

which can serve as an experimental platform to simulate many body systems, where the constituents
are two-state quantum systems, for example 1

2 -spin particles. Moreover, the proposed system
consists of two types of particles, allowing to simulate many body systems with two types of two-
body interactions. Generalisations to higher-spin particles are straightforward with this approach,
although as the number of quantum states grows, more and more pitfalls could complicate an
experimental realisation. In a first approach, I considered a system of one circular Rydberg atom
placed in a bath of magnetic atoms, which should interact through magnetic dipolar interactions.
However, it turned out that these interactions were too weak compared to the lifetimes of the
circular Rydberg state, so that the dynamics would not be observable. In the second approach, I
therefore considered an array of two species of circular Rydberg atoms with significantly different
principal quantum numbers, and their electric dipolar interactions.
Together with Jacek Dobrzyniecki we expanded on this idea and exchanged one of the the circular-

circular transitions with a transition between a circular and an elliptical Rydberg state1. This
approach proved fruitful for the goal of finding an experimental system that can be used to simulate
two-species many body systems, and in addition have easily tunable interaction parameters. Our
preprint is available here.

I am grateful for the hospitality of the Faculty of Physics at the University of Warsaw, and in
particular the members of Micha l Tomza’s Quantum Molecular Systems group, who made me feel
very welcome during my stay and provided me with many stimulating discussions. I am also grateful
for the supervision of my project by Micha l Suchorowski.
My work was supported by a fellowship of the German Academic Exchange Service (DAAD).

1Elliptical Rydberg states are Rydberg states where the excited electron has magnetic quantum number one below
the possible maximum.
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2 Circular Rydberg and Magnetic Atoms

2.1 The proposed system

We consider a system that consists of one Rydberg atom in the circular state (meaning that the
quantum numbers l and m are maximal, i.e. we have |n, l,m⟩ = |n, n− 1, n− 1⟩) and some magnetic
atoms placed around it. A wide array of geometries can be realised with optical tweezers, thus we
aim to make our considerations as generally applicable as possible. For explicit calculations, we
choose our Rydberg atom to be a Rubidium atom (although for states with high angular momentum
quantum numbers the potential is very well modelled by a hydrogen-like potential and the type of
atom is therefore irrelevant). The magnetic atoms are taken to be Dysprosium atoms.

The excited electron generates a magnetic moment which interacts with the magnetic dipole mo-
ment of the magnetic atoms through magnetic dipole-dipole interaction,

V̂dd = µ0
4π

1∑
q,q′=−1

vgeom.
qq′ (r⃗)µ̂qµ̂q′

where the magnetic dipole operator µ̂q acts on one particle, µ̂q′ on the other. We have for r⃗ =
(r, ϑ, φ), the difference vector of the positions of the two atoms,

vzz(r⃗) = 1 − 3 cos2 ϑ

r3 ,

v+−(r⃗) = v−+(r⃗) = 1
2 · 1 − 3 cos2 ϑ

r3 ,

and the other contributions vanish because for the proposed setup, the dipolar interaction con-
serves µz. This can for example be made plausible by decomposing the operator in its most
elementary (?) form

V̂dd = µ0
4π · µ̂ · µ̂− 3(e⃗r · µ̂)(e⃗r · µ̂)

r⃗3 ,

where r⃗ is the difference vector of the positions of the two atoms, into contributions including
angular momentum of the relative motion of the two particles and those related to their magnetic
moments. Due to the more or less fixed positions of the particles in the optical tweezers, the angular
momentum of the relative motion cannot change and only the terms above remain.

We assume that the states of the Dysprosium atoms can be labelled by the z-component of their
spin, |ΨDy⟩ = |j,m⟩, where we leave j fixed at some realistic value (j = 8, add the reference!),
and −j ≤ m ≤ j. The magnetic moment operators µ̂z, µ̂+ = µ̂x + iµ̂y, µ̂− = µ̂x − iµ̂y act on such
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a state as follows,

µ̂z |j,m⟩ = µBℏgmm |j,m⟩ ,

µ̂+ |j,m⟩ = µBℏgm

√
j(j + 1) −m(m+ 1) |j,m+ 1⟩ ,

µ̂− |j,m⟩ = µBℏgm

√
j(j + 1) −m(m− 1) |j,m− 1⟩ .

By µB we denote the Bohr magneton and the prefactor gm = 1.24159 is taken from [KP11].

For the Rydberg atom, the corresponding relations are

µ̂z |n, l, j,mj⟩ = µBℏglmj |n, l, j,mj⟩ ,

µ̂+ |n, l, j,mj⟩ = µBℏgl

√
l(l + 1) −mj(mj + 1) |n, l,mj + 1⟩ ,

µ̂− |n, l, j,mj⟩ = µBℏgl

√
l(l + 1) −mj(mj − 1) |n, l,mj − 1⟩ .

with the Landé-factor

gj = gl
j(j + 1) − s(s+ 1) + l(l + 1)

2j(j + 1) + ge
j(j + 1) + s(s+ 1) − l(l + 1)

2j(j + 1) ,

and gl = 1 − me
mnucleus

, and ge ≈ 2 is the electron g-factor.

We apply a constant and homogeneous external electric and magnetic field E⃗ = Ee⃗z, B⃗ = Be⃗z.
The fields are always parallel and thus define the quantisation axis. The states of the magnetic
atoms experience linear Zeeman shifts in the magentic field whereas for the Rydberg atom, the
electric field mixes states with different n, l, but m is still a good quantum number). The spectrum
of the Rydberg atom can be seen in Figure 3. All states experience linear Zeeman shifts proportional
to their magnetic quantum number m,

ĤZeeman = ℏgDyµBBŜz.

The circular state shows a second order Stark shift due to the electric field and the three states
with m = n − 2 exhibit a linear Stark shift which splits their spectrum into three nondegenerate
levels. The external fields are accounted for in the one-body Hamiltonians of the atoms.

The combination of these external fields can now be used to select two states, the circular state
and one state with m = n − 2, from all the states of the Rydberg atom so that ”spin exchange”
(of the effective spin states, see below) between the Rydberg and the magnetic atoms is resonant,
that is, the energy difference between two states in the magnetic atom equals the energy difference
between the two selected states in the Rydberg atom. To choose such a combination, we plot the
energy differences between the three levels with m = n− 2 and the circular state together with the
energy differences caused by the Zeeman shifts for E = 1V/cm as functions of B and look for the
intersection. This can be seen in the following plot.
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Figure 1: Blue: Energy differences to the circular state in the Rydberg atom, orange: energy
differences of two neighbouring states of the magentic atom

We select as |↑⟩ the circular state and as |↓⟩ the state whose energy difference to the circular state
at certain values of the external electric and magnetic fields equals the energy difference between
two states of the magnetic atom whose magnetic quantum number differs by one.

2.2 The effective Hamiltonian

Our goal is to rewrite the interaction in terms of a system of spin-1/2 variables with interactions
between pairs of spins. To do so, we bring the interaction in the form

V̂ kk′ =
∑

q,q′∈{z,−,+}
Jkk′

qq′ Ŝ(k)
q Ŝ

(k′)
q′ .

which, in the basis (3.5), is represented by the matrix

V kk′
spins =


1
4Jzz 0 0 0

0 −1
4Jzz J−+ 0

0 J+− −1
4Jzz 0

0 0 0 1
4Jzz

 . (2.1)

The coefficients Jzz and J+− take the form

Jzz = 2 ⟨↑↑| V̂ |↑↑⟩ − 2 ⟨↑↓| V̂ |↑↓⟩

J+− = J−+ = ⟨↑↓| V̂ |↓↑⟩ .

Note that Jzz is independent of the quantum numbers n, l and m whereas J+− scales as
√

2nk − 1.
As in the discussion in Section 3.2, effective B-fields appear.
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2.3 The problem with the proposed system

The problem with the proposed system: Assuming a distance of five times the peak in the radial
part of the wave function of the circular Rydberg, we get the following matrix elements. The
lifetimes curve corresponds to inverse lifetimes.
Some scaling relations for the circular states:

Quantity Scaling with n

Lifetime n5

Radius where Rn,n−1(r) =max. n2

⟨m = n− 2| µ̂− |m = n− 1⟩
√

2n− 1
⟨m = n− 1| µ̂z |m = n− 1⟩ n− 1

Table 1: Power law dependencies of certain quantities of circular Rydberg atoms on the principal
quantum number

These scaling relations show that for lower principal quantum numbers, we are not too far away
from the regime where the dynamics could be visible within the lifetime of the central Rydberg
atom. A comparison of the interaction coefficients with the inverse lifetime (brown line) is shown
below.
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Figure 2: Lifetimes vs. Matrix elements of the magnetic dipolar interaction. The distance is
assumed to be five times the radius at which the radial wave function of the electron of the central
Rydberg atom is maximal.

Due to the proportionality of the interaction to r−3, putting the atoms closer together could
obviously make the interactions stronger, possibly sufficiently strong for the system to be interesting.
In that case, the interaction cannot be
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3 Multiple Circular Rydberg Atoms

3.1 The proposed system

Idea: Use electric dipolar interactions between different circular Rydberg atoms to build quantum
simulator. One Rydberg atom (in the following called the central Rydberg atom, although on
principle any geometry is possible) has a higher principal quantum number (e.g. n = 70) than the
other circular Rydberg atoms (called the bath atoms, e.g. with n′ = 35). Initially, the bath atoms
are thought to be arranged in a ring around the central atom in the xy-plane.
A constant and homogeneous external electric and magnetic field are applied, E⃗ = Ee⃗z, B⃗ = Be⃗z.

The fields are always parallel and thus define the quantisation axis (electric field mixes states with
different n, l, but m is still a good quantum number). By lifting the degeneracy between the circular
state and states with other quantum numbers l,m, this enhances the lifetime of the circular state
(?).
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Figure 3: Exemplary Spectra of the Rydberg atom with principal quantum number n = 50 in
different electric and magnetic fields

The choice of n, n′ has been made such that the spin exchange matrix elements for the central-bath
interaction are approximately 10 times as large as those for the bath-bath interaction (at identical
distance).
The circular Rydberg atoms interact predominantly through electric dipole-dipole interaction,

magnetic dipolar interactions are approx. 7 or more orders of magnitude smaller (see the Data
section for some numbers).
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Electric dipole-dipole Interaction:

V̂dd = 1
4πε0

1∑
q,q′=−1

vgeom.
qq′ (r⃗)d̂qd̂q′ , (3.1)

where the electric dipole operator d̂q acts on one particle, d̂q′ on the other. We have for r⃗ = (r, ϑ, φ),
the difference vector of the positions of the two atoms,

vzz(r⃗) = 1 − 3 cos2 ϑ

r3 ,

v+−(r⃗) = v−+(r⃗) = 1
2 · 1 − 3 cos2 ϑ

r3 ,

and the other contributions vanish because for the proposed setup, the dipolar interaction con-
serves dz.
The Hamiltonian of this system is given by

Ĥ =
∑

k

Ĥ
(k)
1B +

∑
k,k′

V
(kk′)

dd , (3.2)

where Ĥ(k)
1B is the one-body Hamiltonian of the kth atom, and V (kk′)

dd is the dipole-dipole interaction
between particles k and k′.
The one-body Hamiltonian is the Hamiltonian of an electron in a hydrogen-like potential (very

good approximation for circular Rydberg states) plus the influence of the external electric and
magnetic fields. The circular state experiences a linear Zeeman shift from the magnetic field and a
second-order Stark shift quadratic in E from the electric field. The pairinteraction library is used
for computations.
We select two states for each atom to which we limit the dynamics. These are the circular

states |n,C⟩ and |n− 1, C⟩ respectively |n′, C⟩ and |n′ − 1, C⟩. Technically, these are not really the
circular states anymore because the external electric field mixes them with other states.
The dipole-dipole interaction allows for the exchange of one unit of orbital angular momentum

(|n,C;n′ − 1, C⟩ ↔ |n− 1, C;n′, C⟩). To make this exchange between the central and the bath
atoms resonant, a microwave field is applied to dress the states [Mey21, Chapter 1.3]. For each
atom, this adds to the Hamiltonian of the two-level system a term −d̂ · ⃗Emw. Near resonance, the
rotating wave approximation is a good approximation.
It provides us with two new states, the dressed states

|↓⟩ = cosϑ |n− 1, C⟩ − sinϑ |n,C⟩ ,

|↑⟩ = sinϑ |n− 1, C⟩ + cosϑ |n,C⟩ ,

where with the Rabi frequency ΩR = ℏEmwdx (assuming E⃗mw = Emwe⃗x) and the detuning ∆ =
(E|n,C⟩ − E|n−1,C⟩) − ω tan ϑ

2 = −ΩR
∆ , and −π

4 if ∆ = 0.
Note that the direction of the microwave field plays a role here because any z-component just adds

8
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some terms to the diagonal terms of the Hamiltonian in the original representation.

The dressed states |1⟩ , |2⟩ are our effective spin states |↑⟩ , |↓⟩. We now proceed to expressing the
Hamiltonian in terms of the effective spin states. In the basis (|↓⟩ , |↑⟩) the one-body Hamiltonian
is diagonal,

Ĥ1B =

E|n,C⟩+E|n−1,C⟩
2 − ℏΩ/2 0

0 E|n,C⟩+E|n−1,C⟩
2 + ℏΩ/2

 , (3.3)

where Ω =
√

Ω2
R + ∆2.

The dipole-dipole interaction can be expressed in terms of the dressed states. Changing from the
two-two-level-system basis

(|nk − 1, C;nk′ − 1, C⟩ , |nk − 1, C;nk′, C⟩ , |nk, C;nk′ − 1, C⟩ , |nk, C;nk′, C⟩) (3.4)

to the dressed-state basis

(|↓k, ↓k′⟩ , |↓k, ↑k′⟩ , |↑k, ↓k′⟩ |↑k, ↑k′⟩) (3.5)

with the basis change matrix (from effective spin basis to circular states basis)

B =


cosϑk cosϑk′ cosϑk sinϑk′ sinϑk cosϑk′ sinϑk sinϑk′

− cosϑk sinϑk′ cosϑk cosϑk′ − sinϑk sinϑk′ sinϑk cosϑk′

− sinϑk cosϑk′ − sinϑk sinϑk′ cosϑk cosϑk′ cosϑk sinϑk′

sinϑk sinϑk′ − sinϑk cosϑk′ − cosϑk sinϑk′ cosϑk cosϑk′

 .

We define

d(k,n−1)
z = ⟨nk − 1, C| d̂(k)

z |nk − 1, C⟩

d(k,n)
z = ⟨nk, C| d̂(k)

z |nk, C⟩

d
(k)
− = ⟨nk − 1, C| d̂(k)

− |nk, C⟩

d
(k)
+ = ⟨nk, C| d̂(k)

+ |nk − 1, C⟩

In the circular states basis (3.4), the dipole-dipole interaction is represented by the matrix

V
(kk′)

dd,C = 1
4πε0

1 − 3 cos2 ϑ

r3


d

(k,n−1)
z d

(k′,n′−1)
z 0 0

0 d
(k,n)
z d

(k′,n′−1)
z d

(k)
− d

(k′)
+ 0

0 d
(k)
+ d

(k′)
− d

(k,n−1)
z d

(k′,n′)
z 0

0 0 0 d
(k,n)
z d

(k′,n′)
z

 .

The pairinteraction library is used to calculate the matrix elements.

The representation of the dipole-dipole interaction in the effective spin basis (3.5) is therefore
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given by

V
(kk′)

dd,spins = B−1V
(kk′)

dd,C B. (3.6)

Non-Sz-conserving terms appear because the microwave field breaks the z-symmetry.

3.2 The effective Hamiltonian

Our goal is to rewrite the interaction in terms of a system of spin-1/2 variables with interactions
between pairs of spins. To do so, we bring the interaction in the form

V̂ kk′ =
∑

q,q′∈{z,−,+}
Jkk′

qq′ Ŝ(k)
q Ŝ

(k′)
q′ .

In the basis (3.5), this is represented by the matrix

V kk′
spins =


1
4Jzz −1

2Jz− −1
2J−z J−−

−1
2Jz+ −1

4Jzz J−+
1
2J−z

−1
2J+z J+− −1

4Jzz
1
2Jz−

J++
1
2J+z

1
2Jz+

1
4Jzz

 . (3.7)

Comparison with some exemplary interactions in the system of the two Rydberg atoms (3.6) shows
that this interaction does not always precisely have this form. There are some terms that can easily
be accounted for by other reasonable terms and some terms for which it is yet unclear how they
can be explained in the spin-1/2 picture. Consider the diagonal terms of (3.6) first. In order to
bring the diagonal terms into the form of the diagonal terms of (3.7), we introduce two effective
magnetic fields Bke⃗z, Bk′ e⃗z that act on the spins k, k′ respectively. These add to the Hamiltonian
of the system of two spins a term

Ĥadd = BkŜ
(k)
z +BkŜ

(k)
z + E0Î , (3.8)

where Î is the identity operator. In the basis (3.5), the additional term (3.8) is given by

Hadd = Bk


−1

−1
1

1

 +Bk′


−1

1
−1

1

 + E0


1

1
1

1

 .

Together with the diagonal of (3.7), we have four linearly independent diagonal matrices that
account for the diagonal of (3.6). Given an interaction (3.6), the coefficients Jzz, Bk, Bk′ , E0 are
therefore always uniquely determined and all needed to rewrite the interaction between the two
Rydberg atoms in terms of the spin-spin Hamiltonian.
The effective B-fields are easy to understand, but I have not yet thought about if the sum of all

the constant energy shifts form the two-body interactions cause one shift to the whole diagonal of
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the full Hamiltonian or if different diagonal entries are shifted by different values.
The effective B-fields make it challenging to find out when the resonance condition for the spin

exchnge is met, since they introduce an additional energy difference between the effective spin-up
and -down states that depends on all the tunable parameters E,B and the microwave field(s).
Let us now consider the off-diagonal entries of the interaction (3.6). Certain matrix elements must

be (up to a change of sign) of the same magnitude in the spin-spin interaction. This, however,
does not automatically seem to be fulfilled. I believe that this can be traced back to the fact that
for the effective spin states, the expectation values ⟨↓k| d̂(k)

z |↓k⟩ and ⟨↑k| d̂(k)
z |↑k⟩ do not necessarily

have the same absolute value. From looking at a few examples, this asymmetry seems to be small
(maybe one percent of the absolute value of these), and potentially the asymmetry of both the
value associated with Jz− and Jz+ can be obtained by rescaling the eigenvalues of Ŝz by the same
factor. I looked at one example where that would have worked.
Translating the one-body Hamiltonian (3.3) into the spin-1/2 picture is straightforward and adds

contributions Ωk to the effective B-field Bke⃗k.

3.3 Simulating the dynamics

Using the one- and two-body Hamiltonians that were derived in the previous sections, we can
explicitly find the full Hamiltonian of the physical system of the circluar Rydberg atoms. Exact
(numerical) diagonalisation provides a direct way to simulate its dynamics. We determine and plot
the expectation values ⟨Ŝ(k)

z ⟩ as well as ∑
k

⟨Ŝ(k)
z ⟩ as functions of time.

We therefore use that the time evolution of any initial state |Ψ0⟩ of our system is hiven by the
Schrödinger equation as

|Ψ(t)⟩ =
∑

j

e−iEj/ℏt⟨ψj | Ψ0⟩ |ψj⟩ ,

where Ej are the eigenvalues of our Hamiltonian and |ψj⟩ the corresponding eigenvectors.
The time evolution of ⟨Ŝ(k)

z ⟩ therefore depends on the given initial state as well as the pairwise
differences of the eigenvalues,

⟨Ŝ(k)
z ⟩(t) =

∑
j,l

e−i(Ej−El)/ℏt⟨ψj | Ψ0⟩⟨Ψ0 |ψl⟩ ⟨ψl| Ŝ(k)
z |ψj⟩ .

Similarly, the time evolution of the expectation values of the magnetic quantum number ⟨m̂(k)⟩
can be calculated as functions of time.
Some plots visualising both will be added soon (I am not sure if I have them on my own laptop

but I will add them tomorrow morning at latest).
There are a number of interesting questions that could be asked in relation to this time evolution.

For example, its dependence on the geometry could be investigated. To do so, I first introduced an
angle by which the ring can be tilted, but more complex geometries could also easily be realised
with my programme. Noise can be added to the initial state so that not all bath atoms have
well-defined Sz in the initial state. The bath interactions can be switched on and off. The non-
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Sz-conserving terms can be switched on and off. I did a little bit of everything, but I have not
systematically investigated anything (yet). The reasons for that are mainly that I did not know
what parameter ranges to investigate and how to solve the problem that it is very hard to make
the spin exchange resonant (so for my plots it is probably most of the time not really resonant,
but that should be visible). Some example time evolutions are shown below. The subtitles explain
what is the point of the plot, and contain the initial state (where the first entry corresponds to
atom 0, the second one to atom 1 etc., and atom 0 is the central atom surrounded by a ring of bath
atoms).
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Figure 4: Switching on and off the bath interactions, initial state |↓↓↓↓↑↑↑↑⟩
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Figure 5: Switching on and off the bath interactions, initial state |↑↓↓↓↓↓↓↓↓⟩
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Figure 6: Switching on and off the bath interactions, initial state |↓↓↓↑↑↑↑↑⟩
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Figure 7: Switching on and off the non-Sz conserving terms, initial state |↓↓↓↑↑↑↑↑⟩
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Figure 8: Switching on and off the non-Sz conserving terms, initial state |↓↓↓↓↑↑↑↑⟩

3.4 Alternative states selection

3.4.1 The system

This is meant to be easier (from a calculational point of view). Instead of dressing two neighbouring
circular states with a microwave field, we select the circular state and one with magnetic quantum
number m being one lower than the circular state (or more correctly their correspondents after

17



Quantum Simulator with Circular Rydberg Atoms Paula Heim

switching on the external fields) and adjust their transition frequencies with the external fields
until they are equal for both the central and the bath atom (similar to the magnetic atoms). This
seems to be very easy because apparently this difference does, for one of the three Zeeman-split
states with m = mmax − 1, the energy difference to the circular state seems very very very similar
for all n, see Figure 9.
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Figure 9: Energy differences of the states with mj = n− 2 to the circular state in GHz.

Apparently one of these has an almost equal transition frequency for both n′ = 35 and n =
70. I investigated this for various combinations of n, n′ and up to very high electric fields (E =
1000V/cm), and this observation holds for all values I checked. If this is indeed the case, it makes
this pair of states a very useful candidate for our two-level system.
The interaction is given by the electric dipolar interaction.
This eliminates the need of a microwave field and therefore gets rid of the following problems:

• Change in transition frequency which is non-predictable, made the choice of suitable param-
eters very difficult

• non-Sz conserving terms

• Asymmetry of interaction

Our effective spin-up state is the eigenstate of the Hamiltonian of the electron in the external
electric and magnetic field that has the largest contribution from the circular state. The effective
spin-down state is one of the three eigenstates with m = n− 2 (which is one less than the circular
state). For some exemplary values of E,B, the decomposition of these states into the states with
quantum numbers n, l, j,m is shown below.
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Figure 10: Decomposition of the eigenstates

Moreover, the down-state has no well-defined quantum numbers n, l anymore and we choose one
of the three states with m = n− 2 so that the transition frequencies in both kinds of atoms match
as can be seen n Figure 9.

The interaction is given by (3.1), the one-body Hamiltonian is that of the electron in the potential
of the nucleus and in the external electric and magnetic field. The full Hamiltonian is (3.2), and
deriving the effective Hamiltonian is straightforward. By comparison with (3.6), it is obvious that
there are no terms J+z, J−z, Jz+, Jz−, J++, J−−. The additional effective B-field and energy shift
from (3.8) also appear.

The dipole moments
⟨n′, l′, j′,m′| d̂ |n, l, j,m⟩
and the products of the
weights of these states
in the decomposition of
the eigenstates of the
Hamiltonian are shown
below. We observe that the
contributions come from
states with |n′ − n| ≥ 1.

Figure 11: Contributions to the dipole moments
⟨n′, l′, j′,m′| d̂ |n, l, j,m⟩, external fields are E = 1V/cm,B = 1Gauss.
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3.4.2 The interaction coefficients

I plotted the dependence of the coefficients J+− and Jzz as a function of the external fields. Some
plots can be seen below. For all plotted coefficients we take (1−3 cos2 ϑ)

r3 = 1µm−3.

For all considered values of the external fields (which are 0 ≤ B ≤ 1000 Gauss and 0 ≤ E ≤
1000 V/cm), the exchange-interaction coefficients are several orders of magnitudes smaller than
the diagonal terms. Some exemplary plots are shown below.
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Figure 12: The coefficient J+− in GHz between the central and the bath atom as a function of the
electric field E at low magnetic field B ≈ 6.3 V/cm
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Figure 13: The coefficient J+− in GHz between the central and the bath atom as a function of the
magnetic field B at electric field E = 250V/cm
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Figure 14: The coefficient Jzz in GHz between the central and the bath atom as a function of the
electric field E at low magnetic field B ≈ 6.3 V/cm
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Figure 15: The coefficient Jzz in GHz between the central and the bath atom as a function of the
magnetic field B at electric field E = 250V/cm
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Figure 16: The ratio of the coefficients J+−/Jzz in GHz between the central and the bath atom as
a function of the magnetic field E at electric field E = 250 V/cm
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Figure 17: The ratio of the coefficients J+−/Jzz in GHz between the central and the bath atom as
a function of the electric field E at magnetic field B = 250 Gauss

4 Data

4.1 Different small considerations

Lifetimes of different Rydberg states calculated with the ARC library using Jacek’s program.

n 34 35 40 50 60 69 70 80 90 100
τn/ms 4.1 4.8 9.2 24.5 45.0 65.1 67.4 91.4 117.5 146.2

Table 2: Lifetimes at T = 1K
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No possibility to enter mj into lifetime code.

Some orders of magnitude for the dipolar interaction matrix elements.

Matrix elements for the electric dipole-dipole
interaction, n = 70, n′ = 35,
where (r, ϑ) = (5µm, π/2).

Matrix elements for the magnetic dipole-dipole
interaction, n = 70, n′ = 35,
where (r, ϑ) = (5µm, π/2).

The radial parts of the circular wave functions:
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Figure 18: Radial wavefunction sfor circular states with different principal quantum numbers

To answer the question how many bath atoms with nbath = 35 can be placed on a ring with ra-
dius 5µm where r35 is the radius for which the radial wavefunction has a maximum, I calculated the
distance between equidistantly distributed atoms on this ring. The very low values are apparently
nonsense. I added a line representing r = 10r35 which is a rough barrier above which I assume that
the interaction can be considered to be represented very well by the dipole-dipole interaction.
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Figure 19: Distances of atoms on the ring as a function of the number of equidistributed atoms

Potentially other considerations are relevant for an experimental realisation, e.g. how close can
the tweezers be put together, but I don’t really know much about that.
I thought about the question if the non-∑

k
mk conserving terms could maybe vanish not because

of a conservation law (which I think is broken here), but because they are too well-separated in the
Hamiltonian. However, it does not look as if that were the case.

4.2 Dependence of J’s on various control parameters for the system using only
circular states

In the following, there are some plots that show the dependence of various interaction coefficients of
the dipole-dipole interaction between the central Rydberg atom and one bath atom in the spin-1/2
representation on different control parameters. The parameters that can be varied are E,B, the
detunings ∆k,∆k′ and the Rabi frequencies ΩR. I assumed equal detuning and Rabi frequency for
both atoms, but it might in fact be more interesting and relevant to vary these independently.
There is some systematic in how I arranged the plots (first one varies B, second varies E, third ∆,

last ΩR). All Js are in GHz.
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4.2.1 Jzz
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Figure 20: Jzz as a function of B for E = 1V/cm and different combinations of ∆,ΩR
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Figure 21: Jzz as a function of E for B = 1Gauss and different combinations of ∆,ΩR
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Figure 22: Jzz as a function of ∆ for ΩR = 0.1GHz and different combinations of E,B
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Figure 23: Jzz as a function of ΩR for ∆ = 1kHz and different combinations of E,B
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4.2.2 J+− and J−+
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Figure 24: J+− as a function of B for E = 1V/cm and different combinations of ∆,ΩR
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Figure 25: J+− as a function of E for B = 1Gauss and different combinations of ∆,ΩR
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Figure 26: J+− as a function of ∆ for ΩR = 0.1GHz and different combinations of E,B
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Figure 27: J+− as a function of ΩR for ∆ = 1kHz and different combinations of E,B
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4.2.3 J+−/Jzz
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Figure 28: J+−/Jzz as a function of B for E = 1V/cm and different combinations of ∆,ΩR
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Figure 29: J+−/Jzz as a function of E for B = 1Gauss and different combinations of ∆,ΩR
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Figure 30: J+−/Jzz as a function of ∆ for ΩR = 0.1GHz and different combinations of E,B
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Figure 31: J+−/Jzz as a function of ΩR for ∆ = 1kHz and different combinations of E,B

33



Quantum Simulator with Circular Rydberg Atoms Paula Heim

4.2.4 Jz+ and Jz−

0 50 100
B/ Gauss

0.0004

0.0002

0.0000

J z
+

(b
lu

e)
an

dJ
z

R=1e-07 GHz, =1e-08 GHz

0 50 100
B/ Gauss

4

2

0

J z
+

(b
lu

e)
an

dJ
z

1e 5
R=1e-06 GHz, =1e-08 GHz

0 50 100
B/ Gauss

4

2

0

2

J z
+

(b
lu

e)
an

dJ
z

1e 6
R=1e-05 GHz, =1e-08 GHz

0 50 100
B/ Gauss

2

0

2

J z
+

(b
lu

e)
an

dJ
z

1e 7
R=0.0001 GHz, =1e-08 GHz

0 50 100
B/ Gauss

0.75

1.00

1.25

J z
+

(b
lu

e)
an

dJ
z

1e 7
R=0.001 GHz, =1e-08 GHz

0 50 100
B/ Gauss

1.0

1.2

1.4

J z
+

(b
lu

e)
an

dJ
z

1e 7
R=0.01 GHz, =1e-08 GHz

0 50 100
B/ Gauss

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-07 GHz, =1e-07 GHz

0 50 100
B/ Gauss

0.0004

0.0002

0.0000

J z
+

(b
lu

e)
an

dJ
z

R=1e-06 GHz, =1e-07 GHz

0 50 100
B/ Gauss

4

2

0

J z
+

(b
lu

e)
an

dJ
z

1e 5
R=1e-05 GHz, =1e-07 GHz

0 50 100
B/ Gauss

4

2

0

2

J z
+

(b
lu

e)
an

dJ
z

1e 6
R=0.0001 GHz, =1e-07 GHz

0 50 100
B/ Gauss

2

0

2

J z
+

(b
lu

e)
an

dJ
z

1e 7
R=0.001 GHz, =1e-07 GHz

0 50 100
B/ Gauss

0.75

1.00

1.25

J z
+

(b
lu

e)
an

dJ
z

1e 7
R=0.01 GHz, =1e-07 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-07 GHz, =1e-06 GHz

0 50 100
B/ Gauss

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-06 GHz, =1e-06 GHz

0 50 100
B/ Gauss

0.0004

0.0002

0.0000
J z

+
(b

lu
e)

an
dJ

z

R=1e-05 GHz, =1e-06 GHz

0 50 100
B/ Gauss

4

2

0

J z
+

(b
lu

e)
an

dJ
z

1e 5
R=0.0001 GHz, =1e-06 GHz

0 50 100
B/ Gauss

4

2

0

2

J z
+

(b
lu

e)
an

dJ
z

1e 6
R=0.001 GHz, =1e-06 GHz

0 50 100
B/ Gauss

2

0

2

J z
+

(b
lu

e)
an

dJ
z

1e 7
R=0.01 GHz, =1e-06 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-07 GHz, =1e-05 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-06 GHz, =1e-05 GHz

0 50 100
B/ Gauss

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-05 GHz, =1e-05 GHz

0 50 100
B/ Gauss

0.0004

0.0002

0.0000

J z
+

(b
lu

e)
an

dJ
z

R=0.0001 GHz, =1e-05 GHz

0 50 100
B/ Gauss

4

2

0

J z
+

(b
lu

e)
an

dJ
z

1e 5
R=0.001 GHz, =1e-05 GHz

0 50 100
B/ Gauss

4

2

0

2

J z
+

(b
lu

e)
an

dJ
z

1e 6
R=0.01 GHz, =1e-05 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-07 GHz, =0.0001 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-06 GHz, =0.0001 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-05 GHz, =0.0001 GHz

0 50 100
B/ Gauss

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=0.0001 GHz, =0.0001 GHz

0 50 100
B/ Gauss

0.0004

0.0002

0.0000

J z
+

(b
lu

e)
an

dJ
z

R=0.001 GHz, =0.0001 GHz

0 50 100
B/ Gauss

4

2

0

J z
+

(b
lu

e)
an

dJ
z

1e 5
R=0.01 GHz, =0.0001 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-07 GHz, =0.001 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-06 GHz, =0.001 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=1e-05 GHz, =0.001 GHz

0 50 100
B/ Gauss

0.004

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=0.0001 GHz, =0.001 GHz

0 50 100
B/ Gauss

0.002

0.000

J z
+

(b
lu

e)
an

dJ
z

R=0.001 GHz, =0.001 GHz

0 50 100
B/ Gauss

0.0004

0.0002

0.0000

J z
+

(b
lu

e)
an

dJ
z

R=0.01 GHz, =0.001 GHz

(n, n′) = (70,35), E = 1

Figure 32: Jz+ and Jz− as a function of B for E = 1V/cm and different combinations of ∆,ΩR
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Figure 33: Jz+ and Jz− as a function of E for B = 1Gauss and different combinations of ∆,ΩR
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Figure 34: Jz+ and Jz− as a function of ∆ for ΩR = 0.1GHz and different combinations of E,B
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Figure 35: Jz+ and Jz− as a function of ΩR for ∆ = 1kHz and different combinations of E,B
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4.2.5 J+z and J−z
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Figure 36: J+z and J−z as a function of B for E = 1V/cm and different combinations of ∆,ΩR
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Figure 37: J+z and J−z as a function of E for B = 1Gauss and different combinations of ∆,ΩR
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Figure 38: J+z and J−z as a function of ∆ for ΩR = 0.1GHz and different combinations of E,B
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Figure 39: J+z and J−z as a function of ΩR for ∆ = 1kHz and different combinations of E,B
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4.2.6 J++ and J−−
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Figure 40: J++ and J−− as a function of B for E = 1V/cm and different combinations of ∆,ΩR
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Figure 41: J++ and J−− as a function of E for B = 1Gauss and different combinations of ∆,ΩR

38



Quantum Simulator with Circular Rydberg Atoms Paula Heim

2 4
Delta 1e 5

4

2

J +
+

an
dJ

1e 12 6.777508045e 1
B=0 Gauss,E=0 V/cm

2 4
Delta 1e 5

4

2

J +
+

an
dJ

1e 12 6.777508045e 1
B=0.1 Gauss,E=0 V/cm

2 4
Delta 1e 5

4

2

J +
+

an
dJ

1e 12 6.777508045e 1
B=1 Gauss,E=0 V/cm

2 4
Delta 1e 5

4

2

J +
+

an
dJ

1e 12 6.777508045e 1
B=10 Gauss,E=0 V/cm

2 4
Delta 1e 5

4

2

J +
+

an
dJ

1e 12 6.777508045e 1
B=50 Gauss,E=0 V/cm

2 4
Delta 1e 5

9.0

8.5

J +
+

an
dJ

1e 11 1.245019307
B=100 Gauss,E=0 V/cm

2 4
Delta 1e 5

3

2

J +
+

an
dJ

1e 11 2.290362286
B=1000 Gauss,E=0 V/cm

2 4
Delta 1e 5

0.5

0.0

J +
+

an
dJ

1e 11 1.370278222
B=0 Gauss,E=0.1 V/cm

2 4
Delta 1e 5

0.5

0.0

J +
+

an
dJ

1e 11 1.370278222
B=0.1 Gauss,E=0.1 V/cm

2 4
Delta 1e 5

0.5

0.0

J +
+

an
dJ

1e 11 1.370278222
B=1 Gauss,E=0.1 V/cm

2 4
Delta 1e 5

0.5

0.0

J +
+

an
dJ

1e 11 1.370278222
B=10 Gauss,E=0.1 V/cm

2 4
Delta 1e 5

0.5

0.0

J +
+

an
dJ

1e 11 1.370278222
B=50 Gauss,E=0.1 V/cm

2 4
Delta 1e 5

2

1

J +
+

an
dJ

1e 11 1.937546725
B=100 Gauss,E=0.1 V/cm

2 4
Delta 1e 5

6

5

J +
+

an
dJ

1e 11 2.982889703
B=1000 Gauss,E=0.1 V/cm

2 4
Delta 1e 5

5.5

5.0

4.5

J +
+

an
dJ

1e 11 5.414781547
B=0 Gauss,E=1 V/cm

2 4
Delta 1e 5

5.5

5.0

4.5

J +
+

an
dJ

1e 11 5.414781547
B=0.1 Gauss,E=1 V/cm

2 4
Delta 1e 5

5.5

5.0

4.5

J +
+

an
dJ

1e 11 5.414781547
B=1 Gauss,E=1 V/cm

2 4
Delta 1e 5

5.5

5.0

4.5

J +
+

an
dJ

1e 11 5.414781547
B=10 Gauss,E=1 V/cm

2 4
Delta 1e 5

5.5

5.0

4.5

J +
+

an
dJ

1e 11 5.414781547
B=50 Gauss,E=1 V/cm

2 4
Delta 1e 5

6.0

5.5

5.0

J +
+

an
dJ

1e 11 6.574481023
B=100 Gauss,E=1 V/cm

2 4
Delta 1e 5

6

5

J +
+

an
dJ

1e 11 1.014732188e1
B=1000 Gauss,E=1 V/cm

2 4
Delta 1e 5

5.5

5.0

J +
+

an
dJ

1e 11 1.62121968e1
B=0 Gauss,E=10 V/cm

2 4
Delta 1e 5

5.5

5.0

J +
+

an
dJ

1e 11 1.62121968e1
B=0.1 Gauss,E=10 V/cm

2 4
Delta 1e 5

5.5

5.0

J +
+

an
dJ

1e 11 1.62121968e1
B=1 Gauss,E=10 V/cm

2 4
Delta 1e 5

5.5

5.0

J +
+

an
dJ

1e 11 1.62121968e1
B=10 Gauss,E=10 V/cm

2 4
Delta 1e 5

5.5

5.0

J +
+

an
dJ

1e 11 1.62121968e1
B=50 Gauss,E=10 V/cm

2 4
Delta 1e 5

1.0001

0.0004

J +
+

an
dJ

1e 11 1.791226624e1
B=100 Gauss,E=10 V/cm

2 4
Delta 1e 5

5

4

J +
+

an
dJ

1e 11 1.946840196e1
B=1000 Gauss,E=10 V/cm

2 4
Delta 1e 5

7.5

5.0

2.5

J +
+

an
dJ

1e 9 2.891808377e1
B=0 Gauss,E=50 V/cm

2 4
Delta 1e 5

7.5

5.0

2.5

J +
+

an
dJ

1e 9 2.891808377e1
B=0.1 Gauss,E=50 V/cm

2 4
Delta 1e 5

7.5

5.0

2.5

J +
+

an
dJ

1e 9 2.891808377e1
B=1 Gauss,E=50 V/cm

2 4
Delta 1e 5

7.5

5.0

2.5

J +
+

an
dJ

1e 9 2.891808377e1
B=10 Gauss,E=50 V/cm

2 4
Delta 1e 5

7.5

5.0

2.5

J +
+

an
dJ

1e 9 2.891808377e1
B=50 Gauss,E=50 V/cm

2 4
Delta 1e 5

7.5

5.0

2.5

J +
+

an
dJ

1e 9 2.891808377e1
B=100 Gauss,E=50 V/cm

2 4
Delta 1e 5

92.5

90.0

87.5
J +

+
an

dJ

1e 10 2.824704804e1
B=1000 Gauss,E=50 V/cm

2 4
Delta 1e 5

9.5

9.0

8.5

J +
+

an
dJ

1e 10 5.333438261e1
B=0 Gauss,E=100 V/cm

2 4
Delta 1e 5

9.5

9.0

8.5

J +
+

an
dJ

1e 10 5.333438261e1
B=0.1 Gauss,E=100 V/cm

2 4
Delta 1e 5

9.5

9.0

8.5

J +
+

an
dJ

1e 10 5.333438261e1
B=1 Gauss,E=100 V/cm

2 4
Delta 1e 5

9.5

9.0

8.5

J +
+

an
dJ

1e 10 5.333438261e1
B=10 Gauss,E=100 V/cm

2 4
Delta 1e 5

9.5

9.0

8.5

J +
+

an
dJ

1e 10 5.333438261e1
B=50 Gauss,E=100 V/cm

2 4
Delta 1e 5

9.5

9.0

8.5

J +
+

an
dJ

1e 10 5.333438261e1
B=100 Gauss,E=100 V/cm

2 4
Delta 1e 5

9.5

9.0

8.5

J +
+

an
dJ

1e 10 5.333438261e1
B=1000 Gauss,E=100 V/cm

(n, n′) = (70,35), Rabi = 0.1

Figure 42: J++ and J−− as a function of ∆ for ΩR = 0.1GHz and different combinations of E,B
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Figure 43: J++ and J−− as a function of ΩR for ∆ = 1kHz and different combinations of E,B
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4.3 Histograms of eigenvalue differences

For small numbers of atoms, I determined for various combinations of the external parameters the
statistics of the differences of neighbouring eigenvalues. Again, I assumed identical detuning ∆
and Rabi frequency ΩR for both the central and the bath atom. I did not look at how close to
resonance the spin exchange process between the central and a bath atom is.
Very different statistics seem to be possible, a few examples are shown below. However, one should

keep in mind that the number of atoms is very small and that relative variations can therefore be
large. This should be investigated for larger numbers of atoms, but my own computer does not
have the computational capabilities to do so.
Titles are: N,E,B,∆,ΩR, θ, where θ is the angle by which the ring around the central atom is

tilted.
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At least under some conditions, enlarging the tilt angle θ seems to have the following influence:
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Figure 45: Statistics for different tilt angles. The chosen parameters are N = 10, E = 1V/cm,B =
1Gauss,∆ = 0.1kHz,ΩR = 1MHz
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